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Abstract—Time reversal explores the rich scattering in a
multipath environment to achieve high target detectability. Mul-
tiple-input multiple-output (MIMO) radar is an emerging active
sensing technology that uses diverse waveforms transmitted from
widely spaced antennas to achieve increased target sensitivity
when compared to standard phased arrays. In this paper, we
combine MIMO radar with time reversal to automatically match
waveforms to a scattering channel and further improve the per-
formance of radar detection. We establish a radar target model in
multipath rich environments and develop likelihood ratio tests for
the proposed time-reversal MIMO radar (TR-MIMO). Numerical
simulations demonstrate improved target detectability compared
with the commonly used statistical MIMO strategy.

Index Terms—Detection, multiple-input
(MIMO) radar, time reversal, waveform design.

multiple-output

I. INTRODUCTION

ULTIPATH is a common phenomenon in radar, sonar,

and wireless communication applications [1] [3]. Most
radar systems are designed under line-of-sight (LOS), not in
multipath rich environments. Multipath has noticeable impact
on radar performance. For example, the range of radar sensors
is limited by LOS blockage due to buildings, forests, and many
other scatterers. Hence, radar sensors usually attempt to main-
tain a very high aspect angle to avoid shadows in urban environ-
ments or forest areas, which severely reduces the coverage area.
Multipath may also reduce the radar resolution and sensitivity
to detecting targets. The multipath limitation has motivated ex-
tensive research on radar algorithm and architecture design to
overcome the LOS restriction. In this paper, rather than treating
multipath as an adverse effect, we use time reversal to explore
multipath to enhance radar detection.
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In time reversal (phase conjugation in the frequency domain),
ashort pulse, for example, transmitted by a source through a dis-
persive medium, is received by an array, then time reversed, en-
ergy normalized, and retransmitted through the same medium.
If the scattering channel is reciprocal and suf ciently rich, the
retransmitted waveform refocuses on the original source. By
time reversal, the transmission waveforms are tailored to the
propagation medium and the target scattering characteristics.
Hence, time reversal is a radar waveform adaptive transmission
scheme. Other radar waveform design strategies are given in,
e.g.,[4] [6]. Ourrecentwork, [7] [9] considers signal detection
using time reversal with a single antenna pair as well as with an-
tenna arrays, and demonstrates that the time reversal generalized
likelihood ratio detector (TR-GLRT) signi cantly improves de-
tection performance when compared with conventional detec-
tors.

Recently, there has been considerable interest in a novel
class of radar systems known as MIMO radar, where the term
multiple-input multiple-output (MIMO) refers to the use of mul-
tiple-transmit as well as multiple-receive antennas [10] [15].
Most authors assume that the key aspect of a MIMO radar
system is the use of a set of orthogonal transmit waveforms.
The radar return from a given scatterer has various degrees of
correlation across the array, depending on the element spacing
and array con guration. In particular, the term statistical
MIMO radar, [10], refers to the signal model where the signals
measured at different antennas are uncorrelated. If the antennas
are separated far enough, the target radar cross sections (RCS)
for different transmitting paths become independent random
variables. Thus, each orthogonal waveform carries independent
information about the target; spatial diversity about the target
is thus created. Exploiting the independence between signals at
the array elements, MIMO radar achieves improved detection
performance and increased radar sensitivity. This is in contrast
with a conventional phased array that presupposes a high
correlation between signals either transmitted or received by an
array.

In this paper, we develop a MIMO setup to operate in a rich
scattering environment and to exploit the multipath propagation.
There are many mechanisms that cause multipath in radar detec-
tion, for example, the presence of a large number of scatterers in
the vicinity of the target of interest, or tracking and detection of
low-angle targets over a at surface [16], [17]. Multipath affects
the level of the energy return from the target due to coherent
combining of the return signals. As a result, we will observe
fades and enhancements relative to the level that is expected in
a free-space environment. In general, the overall target response
is characterized by the target s radar cross section, the multipath
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propagation due to the surrounding scatterers, and the antenna s
aspect angle. The unknown nature of the complex target re ec-
tion makes the overall target response appear to be random even
for a point target. Therefore, we adopt a statistical model for
the target in this paper. Although our MIMO model is somehow
similar to what is used in [10], the difference is clear. In [10],
the randomness of the radar target return is caused by many look
angles from extended targets; in our case, the randomness of a
(point) target response is the result of multipath.

In this paper, we combine time reversal with MIMO (TR-
MIMO) radar technology to improve the signal-to-noise ratio by
tailoring the transmitted waveforms to the propagation medium
and the target scattering characteristics. The bene ts of the pro-
posed TR-MIMO detection include: 1) to exploit the spatial di-
versity arising from the multipath propagation; 2) to use time
reversal to adaptively adjust the radar waveforms to scattering
characteristics of the channel; 3) to employ simple orthogonal
wideband waveforms without seeking complicated waveform
coding design methods; and 4) to incorporate the de-correlation
between the forward channel and the backward channel when
the reciprocity condition may not strictly hold. We develop a
binary hypothesis detector for the TR-MIMO and provide ana-
lytical expressions for the test statistic. In previous work [7] [9],
[18], [19], we showed that time reversal offered higher resolu-
tion and improved detectability over conventional methods. In
this paper, we demonstrate that a MIMO radar combined with
time reversal (TR-MIMO) improves target detectability when
compared with statistical MIMO (S-MIMO) [20].

The remainder of the paper is organized as follows. Section Il
discusses the MIMO modeling in multipath. Section I dis-
cusses the TR-MIMO signal modeling. Section IV derives the
TR-MIMO detectors. Section V provides performance analysis
for the proposed MIMO detector. Section VI presents the
TR-MIMO detection results. Finally, conclusions are drawn in
Section VII.

II. MIMO MODELING IN MULTIPATH

We consider the problem of detecting a stationary or slowly
moving target immersed in a multipath rich scattering environ-
ment. Such scenarios occur in many radar applications, for ex-
ample, detection through tree canopy or low-angle detection and
tracking. In this section, we derive the MIMO radar model.

A. Overview of Statistical MIMO Radar Modeling

In statistical MIMO radar [20], antennas at the transmitter and
the receiver of the radar are well separated such that they expe-
rience an angular spread caused by variation of the radar cross
section (RCS). Statistical MIMO radar utilizes the spatial di-
versity introduced by the radar target uctuation. For extended
targets, due to the large inter-element spacing between the an-
tennas, each transmitter receiver pair sees a different aspect of
the target. This observation yields the following basic MIMO
radar modeling for extended targets [20]:

r(t) = \/%Hs(t —7)+n(t) 1)
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where H isan N x M matrix, referred to as the target channel
matrix, and
[H]zm:hz,mLzl/Nm:]-M (2)

The h; . are independent complex normal random vari-

ables. The vector r(t) = [ri(t), --,rn(t)]T is the collec-
tion of received signals at the receive antennas. The vector
s(t) = [s1(t),---,sam(t)]T is the collection of the transmit

signals at the transmit antennas. The vector n(t) is the additive
noise. Given the statistical MIMO model (1), the optimal
detector is a non-coherent detector given by [20]

N M

(=22,

=1 m=1

2

/ v (8 (t — 7)E| @)

Remarks:

1) The radar model (2) is justi ed in that the received echoes
from an extended target between each pair of transmit
antenna and receive antenna become independent random
variables when the antennas are placed sparsely. We will
show that multipath causes a similar effect even when the
target is pointwise. The superposition of the multipath
adding constructively and destructively makes the received
radar returns appear to be random.

2) This observation can be further justi ed by examining the
radar operating spectrum for a point target. A point target
in a LOS condition yields a at spectrum for the returned
signal, but results in a uctuating spectrum in a non-LOS
condition.

3) The radar model (2) and the processing (3) are designed
for narrowband systems. By exploring the orthogonality
of the waveforms, each receiver may match to a speci ed
transmit waveform [20]. To extend this design scheme to a
wideband system is dif cultand may signi cantly increase
the radar system complexity. This is because of the dif-

culty in designing orthogonal radar waveforms that can
meet various radar operational conditions (e.g., [21]). On
the other hand, (3) indicates that the signal cross-correla-
tion can not be disregarded,; signi cant correlation reduces
the mainlobe width, which can result into higher ambiguity
sidelobe levels. This paper proposes a simple quasi-orthog-
onal waveform design for wideband MIMO radar using the
time reversal method.
Next, we introduce a point target MIMO model in multipath
environments.

B. Multipath MIMO Radar Model

In the absence of multipath, the re ected radar waveform
from a point target is an amplitude scaled and time delayed
replica of the transmitted waveform. In theory, the target
frequency response is at. However, multipath propagation in-
duces a rapid uctuation in the frequency response of the point
target. Fig. 1 illustrates a two-way radar propagation model
in multipath. For simplicity, this model considers a two-path
propagation with only a single re ected ray emanating from
a virtual target image. The two-path propagation is caused
by scatterers between the receiving array B and the target.
This model can be extended to the more general scenario with
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Transmitting
array A

- Virtual
Sl Target

Fig. 1. Multipath propagation model. Only the forward propagation (from
array A to array B) is illustrated.

multiple path propagation due to scatterers in the elds of view
of both the transmitting array A and receiving array B.
Suppose we have a transmitting signal

stxm(f) = Sm(f)e??e! (4)

where S,,,(f) is the baseband radar pulse at frequency f from
the mth transmit antenna, f. is the carrier frequency. We assume
that the signal propagates in the multipath medium and re ects
from a target with a possible phase change 6. The noise-free
received signal at the sth element of array B due to the mth
transmit antenna at array A is given by

SRx.i(f) =im (ej(Qcht*Gim*27ch7'0,im)
+A,; /L.Tnej(27rfct7€1.irn727rfc7-1.im,)) (5)
where 6 ;,, is the phase change due to the multipath; the direct

path delay 79 ;,,, and the multipath delay =4 ;,, are given as fol-
lows:

_ VXA V-V + X+ (Y - Vo)
T0,im = . (6)
VX (Ye - Y VX4 (Y 4+ Y)?
Tl,im = c (7)

The symbols Y,, Y3, and Y; are the azimuth coordinates of the
mth antenna at A, the ith antenna at B, and the target, respec-
tively; X is the target range; and &;,,, is the complex amplitude
due to the target characteristics. The complex amplitudes of the
direct and re ected rays are simply related by a complex multi-
path re ection coef cient A ;p,.

By mixing the received signal with the transmitted signal, we
obtain the baseband signal as follows:

sB,i(f) = &im (e_j(gf'““”f”o”'m)
+A17im6_j<01‘7m+27Tf{‘7—]'7m)) |Sm<f)|2 (8)

With a large number of scatterers L and A; ;m, { =0,---, L —
1, multipath re ection coef cients, we obtain the overall target
re ectivity

L-1

s8.m(f) =Eim Z Al7ime_j[91.1711+27ch7-l,zm]
1=0

= him (f) |Sm(f)I* ©)

S (£)”

where the target channel response between the ith antenna in
array B and the mth antenna in array A is

L—-1

Bim(f) = Eim Z Al,ime—j[ez,m+27chrz,m].

=0

(10)

We hence assume that, with a large number of scatterers L and
multipath re ection coef cientsA; ;.,, the overall target re ec-
tivity (10) is a random variable. This analysis implies that, even
for a point target, the multipath effect induces fades and en-
hancements in the returned signals relative to the free space re-
turned signals. The transmit and receive antenna pairs provide
independent information about the target due to their different
viewing angles.

Hence, from (10), we introduce the forward propagation
channel. We let H( /) denote the forward channel response ma-
trix between the transmit array A and the receive array B at fre-
quency f. The (¢, m)th entry of H(f), i.e., the forward channel

response from antenna A,,, m = 1,--., M, to antenna B;,
i=1,---,N,Iis

[H(f)]; = him(f) ~ CN (0, 0%(f)) (11)
where the symbol ~ stands for distributed as. The target

channel model (11) implies that, at a xed frequency f and for
each transmitter antenna and receiver antenna pair, the target
channel response is a complex Gaussian random variable with
zero mean and variance o2(f). This variance (i.e., the power
spectrum density) is frequency dependent, which is caused by
the multipath scattering. Further, we assume that the channel re-
sponse from different transmit and receive pairs are statistically
independent, identically distributed (i.i.d.) random variables.
Note that the frequency-domain representation h;,,(f) is
related to the time-domain channel impulse response h;,, (t),

T

1 .
i (t)e 927t dt

him(f) = T (12)
0

where the RCS of the target h;,,(¢) is modeled as a zero mean,

nite covariance, wide sense stationary uncorrelated scattering
(WSSUS) Gaussian process. This assumption is valid for many
practical situations in wave propagation in the radar literature
[22], [23]. The variance o2(f) of hi.(f) is frequency depen-
dent. By the WSSUS assumption and the Wiener Khintchine
theorem [24]

Jim %E hin(HE} = Ki(f) (13)

T—o0
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where K3, (f) is the power spectral density (PSD) of h;,,. (), i.e.,
the Fourier transform of the covariance function

K (7) = E {him () him (t +7)} (14)
Kn(f) = / o (7)e =727 7. (15)

Hence, by (13)
o2(f) =T Kn(f) (16)

In general, pulse wave propagation and scattering in a random
medium can be characterized by the correlation function (see
chapter 85 in [22])

D(f,f+ Af, Ut + At)
_ E{him(f, )05, (f + Af U+ A)}
B a2(f,t)

The function I'(+) is the correlation function between the output

elds due to the time-harmonic inputs at two different frequen-
cies f and f + Af. We should note that the time-varying fre-
quency response of the random channel k., (f,¢') in (17) shows
explicitly the time index ¢’ that is omitted in (12). If we let
At’ = 0 and send two waves at different frequencies f and
f+ Af, and observe the uctuation elds at the same time, as
we separate the frequencies, the correlation of these two uctu-
ation elds decreases. For uncorrelated scattering channel, the
function T'(f, f + Af,t',t") is a function of the frequency sep-
aration Af.

In a multipath channel, it is often convenient to consider the
coherence bandwidth B. measured by the reciprocal of the mul-
tipath spread. Two sinusoids with frequency separation greater
than B, are affected quite differently by the channel. Hence,
the frequency samples taken Af = B, apart are considered
to be, approximately, independent. Therefore, we use discrete
frequency samples f,, ¢ = 0,---,Q — 1, in developing the
TR-MIMO detector. The number @ is chosen by

an)

B

Q:_

B. (18)

where B, is the coherence bandwidth of the multipath channel,
and B is the system bandwidth. The richer the multipath scat-
tering, the smaller the coherence bandwidth, and so the larger
the quantity Q.

C. Wideband Orthogonal Waveform Signaling

MIMO radar typically transmits a set of orthogonal wave-
forms from different antennas. In our problem, the simultane-
ously transmitted waveforms occupy the same frequency range.
We let the transmitting signal from the mth antenna be

Sm(t) =s (t - %) . (19)
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To achieve the orthogonality among the transmitted waveforms,
we assume that

7sm(t)s?‘(t)dt: /Ts(t— %) s* (t— é) dt =0, l #m
0 0

(20)
This assumption is accurate for linear frequency modulated
(LFM) signals and provides a good approximation for other
wideband signals such hyperbolic frequency modulation
(HFM) signals, as well as signals generated from pseudo
random sequences [23]. Using the orthogonality condition in
(20), and converting it into the frequency domain by the Fourier
transform, we get

Lo (o 4)

S()S* ()220

X % A2 =t qrafdf (21)
= / S(f)S*(f)ei?m ! & a2l %
-sinc ((f — f)T) df df’ (22)
~ / |S(F)I 275 df
:Zszom —1) (23)

where sinc(z) = sin(z)/x, and we assume that |S(f)|? = 1.
Using discrete frequency samples, for f, = ¢Af, Af = B/Q,
andg =0,---,Q — 1, we obtain a phase coding scheme, [25],
by setting

Sm/(fq) :ej27r Q S(fq) q:0717"'7Q_1

form = 1,---,M < Q. For transmit antennas m and [, it is
straightforward to show that

(24)

Q-1
S Sufa)S7 (f2) = Q8(m —1). (25)

Ill. TiIME REVERSAL MIMO SIGNAL MODEL

In this section, we describe the time reversal MIMO radar
signal model. In time reversal, the received signal is phase
conjugated, energy normalized, and retransmitted to the same
medium. If the medium is reciprocal, the forward propagation
channel is the same as the backward propagation channel.
However, in many radar applications, the reciprocity condition
may not hold, for example, due to small random perturbations
between the forward and the backward channel realizations,
or due to slow target motion. Hence, we model the backward
propagation channel as follows with respect to the forward
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channel given in (11): let [H(f,)]” denote the backward
channel frequency response matrix between the array A and
B. The symbol ()T denotes the transpose. The propagation
channel from antenna B;, ¢« = 1,---,N, to antenna A,,,
m =1,---, M, is given by

(B, 2 hinF) = 0 han(F) + i () (26)

where (26) models the backward channel as a noisy version of
the forward channel: the symbol p is the correlation coef cient
between the forward channel h;,, ( f,) and the backward channel
him(fq). The term ~;,,,(f,) describes the channel disturbance
that occurs between the forward and backward channel for each
pair of transmit and receive antennas in A and B. We assume
that the disturbance is independent of h;,,,(f,); it is distributed
as a complex Gaussian with zero mean and variance ai(fq), ie.,
Yim(fq) ~ CN(0,02(f,)). We further impose the constraint
that h;m ( f;) has the same variance o2(f,) as him(fy), i.€.,

him(fq) ~ CN (0,02(f,)) (27)
which implies that
2
V' eg) <t 8)

When p < 1, the quantity p captures the de-correlation between
the forward channel and the backward channel. As discussed
above, the de-correlation can happen due to slow changes on
the media [26], [27]; its net effect is to degrade the reciprocity
condition. The characterization of the degradation is important
to analyze the performance of time reversal MIMO radar. Let

(@G| 2 im(fa): (29)
Equation (26) can then be rewritten in matrix form as
H(f))" = p () + D (30)

A. TR-MIMO Data Collection and Processing

The time reversal radar data collection and processing are
described in three steps as follows.

Step 1 Target Probing: The signal vector received at array B
for the Ith data snapshot is

YI(fq) = p(fq) + Wl(fq)~ (31)
where

p(fq) = H(fg)sa(fq)- (32)
isa N x 1 vector. The M x 1 signal vector s 4( f,) transmitted
from array A is

SA(fq) = [Sl(fq)v"'vsf\/f(fq)]T7 q= O/Q - L (33)

The transmitted signal s;(¢) from the ith antenna is a wideband
signal with Fourier representation S;(f,) at frequency f,. We
assume that the average transmission power at each antenna is
the same

1L
By =5 2 ISl (34)
q=0

In this step, the total transmission energy is M E,. The noise
vector w;( fy) is characterized statistically as

wi(fy) ~CN (0,021),1=1,---, L. (35)
We assume here that the clutter is homogeneous; the noise
vector (35) describes both the homogeneous clutter and the
additive noise in the received radar returns. We should note that
this is a very simpli ed assumption on the clutter. Statistical
models for MIMO radar clutter should incorporate a number
of effects including geometry, coherence, transmit waveform,
multipath scattering, etc. Development of statistical models
for MIMO radar clutter is beyond the scope of this paper.
In general, inhomogeneous clutter can be suppressed using
whitening Iters in the spectral and spatial subspaces (see, e.g.,
[28] and [29]). Next, suppose we can collect/ = 0,--- | L — 1
snapshots, for a slow varying target channel. The minimum
mean squared estimate of the returned target signal is

p(fq) = p(fe) + W(fo)
where W(f;) = (1/L) le—Ol wi(fy). We assume that we can
obtain a reasonably accurate estimate of the target channel re-
sponse for suf ciently large L. In the subsequent derivation, we
assume that we know p(f,) precisely. This assumption yields
the ideal scenario for the TR-MIMO detector. In reality, we
would use p(f,) as the signal to be retransmitted. The problem
of obtaining a suf cient number of snapshots L for this pur-
pose is governed by two important factors: 1) the scale over
which the response changes with respect to space and time; and
2) systems considerations such as the bandwidth that limit the
sampling rate. Thus, in a radar setting it is fairly common to
have a snapshot starved scenario. In this case, the noise vari-
ance will increase. Our early attempts to analyzing the effect of
noise variance increase have been reported in [8]. The detection
performance under this scenario will be studied below by sim-
ulations. We note that a larger L means longer estimation time
that yields target channel partial de-correlation in time reversal.
Step 2: Time Reversal Probing: Conventional detection pro-
cesses the data received at array B. With time reversal, the re-
ceived radar return at array B is transmitted back to array A.
Prior to retransmission, the data vector p( f,) is time reversed
and energy normalized. The M x 1 received signal vector at
array A is

(36)

xi(fo) 2 Xialf)-s Xoar(f)) (37)
= H' (f,) (kp(f,)]" +vi(f,) (38)
—
target return c(fq)
=K (f)H(f)s4(f) +vilfy)  (39)
= kaT(fq)H*(fq)sj(fq)
+ kDT (f)H (f)sh(fy) +vilfy)  (40)
where the scalar £ is the energy normalization factor
k= QME, (41)

\ & Il

This factor normalizes the energy of the time reversed retrans-
mitted signal to equal the energy of the original transmitted
signal s 4 (¢). The target return is de ned as

c(fy) = H (f) p(f)]" = [Cr(f0),-- - Cur(f))" . (42)
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The noise vector, de ned by

Vl(fq) = U/l,l(ffl)?"'v (43)

Vi (f)]"

is distributed as v;(f,) ~ CA’(0,02I). We use H' (f,) in (26)
rather than H( f,) to account for the backward channel de-cor-
relation due to the changes on the propagation media.

Step 3: Signal Matched Filtering: The received signal x;( f,),
q=20,---,Q —11in(38)isa M x 1 vector. The ith entry
of x;(f,), Xi; de ned in (37), is the received radar return at
the sth antenna of array A. This radar signal will be matched
with the originally transmitted signal at the :th antenna, i.e.,
Si(f,) de ned in (33).1 We repeat this process fori =1,--- M
antennas at the array A, which yields the following M x 1 data
vector

r, 2 [Ria,--, Riar)® (44)
Q-1
= > diag[sa(f)]x(fy) (45)
q=0
[ Y Xua(fe)Si(fa)
_ > Xlz( 0)S2(fq) (46)
By Xz M( f)Su(fy)
i Zq: (q) 1(fq)+ZqQ:_01 Vl,l(fq)sl(fq)
_ | X5 Caf)safe) + z?; Via(fy)S2(1s)
By CILI(fq)S]\[<fq)+Z o Viar(fq)Sar(fq)
(47)

wherein (47) C;and V; ;,7 =1,---, M, arede nedin (42) and
(43), respectively. Hence, we can rewrite (45) in vector form as

rr=c+v (48)
where
C = [017 . OA[ Z OL fq fq (49)
q=
_ ~1
vi=[V Viml", Vi = ZVM fa)Si(fq)- (50)

IV. MIMO DETECTORS

In this section, we formulate the MIMO radar detection
problem. The binary hypothesis test for TR-MIMO is

Hy: r;=c+vy
H(] . :61. (51)
10ne may argue that the received radar signal at the th antenna, ., can
be matched with the individual waveforms ; M 4 - Weshow in

Section 1V that the output of the matched Iter of
relatively small and then can be ignored.

1. with i oa is

215

The optimal detector, in the Neyman Pearson sense, is the like-
lihood ratio test (LRT), i.e.,

friHy) _p,

{ =log 7f(r1|Ho) ZH,

(52)

where 7 is the decision threshold. The function f(r|H;), i =
0, 1, are the probability density functions of the received signal
under Hy and Hy, respectively. The detection problem (51) is a
common problem: detecting a nonwhite Gaussian process im-
mersed in additive nonwhite (or white) Gaussian noise in sonar
or radar (see, e.g., [28] [31]). A closed form for the probability
density function for the binary hypothesis (51) is often dif cult
to obtain. Thus, we will rely on approximations and on the cen-
tral limit theorem to study the data statistics and to derive the
test statistics.

A. Data Statistics

By (49), the sth entry of ¢ is

hni(fe) 1Si(fo)?

hm(fq)hZ]-(fq)> S5 (fq)Si(fy)- (53)

/

—1) terms

Note that, the sum of the N(N
proximated by

— 1) terms in (53) can be ap-

(54)

where h,,;(f,) and h,;(f,) are independent Gaussian random
variables for j # 7. Equation (54) greatly simpli es (53), which
yields

Q-1

b2

q

N
E nl

1

C; (55)

ZZ

3

Q 1 N
kp - > hni(f0)

q

Il
=)

n=1

~
focused target response

Q-1 N

q=0 n=1
I —~ _

(56)

perturbation term

where |S;(f,)|> = 1 by (24). However, by eliminating the un-
matched phase terms in the analysis, (54) may introduce a small

Authorized licensed use limited to: Carnegie Mellon Libraries. Downloaded on January 26, 2010 at 15:53 from IEEE Xplore. Restrictions apply.



216 IEEE JOURNAL OF SELECTED TOPICS IN SIGNAL PROCESSING, VOL. 4, NO. 1, FEBRUARY 2010

prediction error compared with the results from numerical sim-
ulation. We will show by Monte Carol simulation in Section VI
that this prediction error is within a fraction of a dB.

Next, we use x3, to represent the central Chi-squared distri-
bution with M degrees of freedom. Therefore, [32]

U?(fq)

[ni (fo)* ~ =573 (57)

which leads to E{|h,n:(f;)|?} = o2(f,), a frequency-depen-
dent real constant. Hence, we can further approximate (56) as

Q-1
B(C}=p-N-B{k}- Yo

q=0

(58)

Equations (56) and (58) show that the diagonal components C;
are the focused target response; in a statistical sense, by av-
eraging out the perturbation term in (56), they are zero-phase
quantities. This observation leads to the following approxima-
tion:

Q-1 N

P Z R fq

q=0

(59)

By ignoring the perturbation term, we should note that, when
the forward channel and backward channel are fully correlated,
i.e., p = 1, the above approximation is exact. We will develop
the TR-MIMO detector under this assumption. We will test for
cases when p < 1 using numerical simulations. Let s further
de ne

X%N (60)

where, the symbol ~ stands for distributed as and ~
stands for distributed approximately as. The symbol

E 2 E{k} = %E{k?}. For the sake of simplicity, here
we treat k& and >°,_; |hni(f,)]? as two independent random
variables. We further approximate & by the constant E{k}.
We show in (129) and (133) in Appendix I that this is a valid
approximation: the random variable %2 is a low variance distri-

bution with a constant mean. Next, we rewrite (59) as

~ Q-1
Ci=p- Z Zi(fq)-
q=0

The sequence {Z;(f,),Yq} are independent random variables
with nite variance. By the Lindeberg Lyapunov central limit
theorem on sums of independent random variables [32],2 the
sequence {C;} is asymptotically Gaussian for large @). Hence,
(61) yields

6i2N(p

2The Lindeberg Lyapunov central limit theorem [33] generalizes the clas-
sical central limit theorem [34] by removing the identically distributed condi-
tion.

(61)

Q-1 Q-1
> ulfe)p” @(ﬁ;)) (62)

q=0 q=0

where

= E{Zi(f,)} = kNo2(f,),
=Var{Z,(f,)} = EZNU?(fq)-

N(fq)
2(fy)

(63)
(64)

B. TR-MIMO Detector

Hence, under H; in the binary hypothesis (51), the sth entry
of signal r; becomes

i=Ci+V
=C; + R(V;) + V=1-3(V;).

(65)
(66)

The symbols R () and J(x) denote the real and imaginary part

of the complex number . Both quantities C; + % (V;) and J(V;)
are real numbers. Further notice that
Vi ~ CN (0,02Q) . (67)
We obtain
Q-1 Q-1 o2
Ci + R(V; ~N<p2ufq P 0(f) + Q)(58)
=0
q= 2 q
a7 ~x(0.%). 9

We stack the real and the imaginary parts of the R, ; in (66) for
i =1,--- M, to create the 2M x 1 vector

T
2 = [[Be))", B3] (70)
From the results in Appendix Il, the test statistic for the
TR-MIMO detector is

Q-1
Lrr(r) = Z Q( )||§R( )||2+<Z/L(fq)> R(r)) 1.
= (71)

The detector uses (71) to calculate the decision threshold under
the null hypothesis Hy.

C. About the Output of Matched Filters

In Step 3 of Section I11-A, the sith entry X ; of x;(f,) de ned
in (37), is matched with the originally transmitted signal at the
ithantenna, i.e., S;(f,) de nedin (33). One can certainly match
X ; with other signals S,,,(f,), m # i to generate a total of
M(M — 1) outputs. Excluding the additive noise terms, these
outputs are

—1
=~ A
LTn = Ct

q=0

(72)
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Since hi;(f,) and hi;(f,), Vi, j are random variables, we take
the expectation of C;,,

Q-1 N

E{éim} = Z Z E {kﬁnz(fq>h;m(fq)} |Sm<fq)|2

“or N (w
+ Z ZE {k Z hni(fq)th(fq)}

q=0 j#n =

x 85 (fq)Sm(fq)

Q-1 N

=p- Z ZE{khni(quL:zm(fq)} |Sm(fq>|2
=0 n=1
a1~

+ 3> E{kyailfy)

i w (w

+3Y Yk {k > hm(fq)hlij(fq)}
9=0 j#n =

X S;(fq)sm(fq)

Q-1 N

=0 20 DB {klhailfo) "} 86 -

(73)

R ()} 1S (F) P

(74)

m) S (fo)|”

> iZE{kmm(fq)F}

n
0 j#n n=
x 6(i—4)St

J)S] (fq)smr(fq)

=03 Bk}

F(F)Sm(fa) i #m.

9=

q=0
Q-1 N
+p-
(75)
Q
0

(76)

2 e

X

Hence

Q-1

E{Cin} = p- Bk} Y 02

q=0

S*(fq) (fq)» i #m.

(77)
We argue now that (77) is a complex number with small magni-
tude compared with (53). This is the result of the orthogonality
between S;(f;) and S,.(fq), @ # m, chosen in Section 11-C. In
particular, if the term E{k|hn;(f,)|*} = ko?, a constant value
independent of frequency, (77) becomes zero. Therefore, we do
not consider these M (M — 1) outputs from the matched Iters.

D. Statistical MIMO Detector

The statistical MIMO (S-MIMO) radar discussed in the lit-
erature is designed for narrowband radar [10], [20]. We extend
this narrowband signal model, (1) and (2), to wideband. One
of the key processing steps in S-MIMO is to extract the com-
plex gains of a total of M x N channels. When using wide-
band orthogonal waveform signaling, we implement the orthog-
onal phase coding given in (24), which corresponds to the same
waveforms that we used for TR-MIMO. Similar to the devel-
opment of the TR-MIMO detector, we assume a homogeneous

217

clutter model. In this case, compared with (38), the received
signal for S-MIMO is

zi(fy) = H (f)sa(fy) +vilfy) (78)

where
SB :\/g[sl(.fq)v"WSN(fq)]T (79)
z(fy) = [Zia(fy) - Zoa (fy)] (80)

Zl,m(fq) = \/%Z hmi(fq)si(fq) + Vl.,m(fq)- (81)

It is straightforward to derive that

Zim(fq) ~ CN (0, MaZ(fy) + 7). (82)
By the statistical MIMO processing scheme in [20], matched-

Itering the received signals with the orthogonal waveforms

{S.(fg);m =1,---, N} given in (24) yields
Q-1 i N N
Ul,mn = Z Zl,m(fq)\/%s;qu) = hmn + Vl,mn (83)
q=0
where
B M Q-1 N
hon =55 D D hmi(f)Si(J)S(F0). (84)
q=0 =1
Q-1
q=0

We group the quantities Uy ., ﬁl,mn, and I7l7mn into MN x 1
vectors

w =[U11,Up1, -, Upn]” (86)
hy = [hya1, o, o]t (87)
vi=[Vii, Viaz, - V] " (88)
Thus, the binary hypothesis test for S-MIMO is given by
Hy:w =h + v,
[H]() Duy :Vl. (89)
We use the following test statistic for MIMO radar [20]:
ls—vmvo (W) = |Jw||? = Z Z \Utymn |* (90)

m=1 i=1

This detector computes the threshold under the null hypothesis
Ho.
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V. PERFORMANCE ANALYSIS

In this section, we derive the test statistic for time reversal
MIMO (TR-MIMO) in (71) and statistical MIMO (S-MIMO)
in (90), respectively. To derive the detectors and to analyze
their performance, we derive the probability density functions
of the test statistics under H; and Hy, respectively. The per-
formance analysis under the homogeneous clutter assumption
provides insight on the tradeoffs between the number of an-
tennas, the number of frequency samples of the proposed wide-
band MIMO radar detectors. We rely on numerical simulations
to study channel decorrelation.

A. TR-MIMO

Under H; and based on (68), we know that C; +9(V;) are in-
dependent and identically distributed normal random variables

fori =1,---, M. Therefore, from (71), we obtain
Yl B(f) SN s 2
LTRH, = 01217@ ; (Oi + %(‘/z))

Q-1 Mo _

+ (Z u(fq)) (C:+m(v)) (91)
q=0 i=1

Q-1 4 Q-1 2
NM <p2 ®(fo) + 5 Q) Xar(v?)
n =0

Q-1 ! Q-1

+ (Z /L(fq)> N <Mﬂ u(fy),
q=0 1=0

(92)
where x3,(v?) denotes the non-central Chi-squared distributed

random variable with M degrees of freedom and the non-cen-
trality parameter

o (22 s

=M L—. (93)
! P2Zq:0 (fy) + FQ
Under Hy
Samo @) S (r i)
i, = 2Ty ()
Q-1 M
(Z fq> (7)) (94)
q=0 =1
02
Z 02Q fq (771 )XM(O)
Q-1
<Z (fq)>N <0 M Q)
q=0
1

(95)

where x3,(0) is a central Chi-squared random variable with
M degrees of freedom. Both (92) and (95) provide a simple
description of the test statistic for the TR-MIMO detector
under each hypothesis. To obtain the detection probability
and the decision threshold from (92) and (95), we derive in
Appendix 111 the probability density functions f;, Tr(¢1) under
H, and f, Tr(fo) under Hy, respectively. Given the density
function f¢, tr(%o) and a chosen false alarm rate Pga, We can
numerically calculate the threshold ntgr by solving

Ppy 2 P.(¢rr > nHo) = / feoo TR (£0)dly  (96)

NTR

Readers can refer to Appendix Il for a detailed discussion on
how the threshold nrr is computed. Next, we can compute the
detection probability

P2 P.(4rr > nH1) = / fo,, rr(41)dl.

NTR

(97)

Under simplifying conditions, for example, the radar signal
model given in [35] and [36], one can develop closed form
expressions for Pp and Pga. In our case, the time reversal
radar signal model in (66) becomes, approximately, a nonzero
mean, real Gaussian signal immersed in zero-mean complex
Gaussian noise. The mathematical tractability of closed form
expressions for P and Pra becomes dif cult. One can resort
to importance sampling to ef ciently calculate these quantities
(see, e.g., [37], [38]).

B. Statistical MIMO Detector

From (90), under the null hypothesis Ho, Vi (fy) ~
CN(0,02). Fora xedm

N Q-1
2. ZVz,m(fq)gS:;(fq)

2

n=1|q=0
N
= Z vl{{msnsfvl?m (98)
n=1
N
M
= Nvfm 2_:1 (snsf) Vim (99)
where
Vi = Vim(fo)s - Vi (fo-1)]" (100)
Sp = [Sn(fO)f"-Sn(fol)]T (101)
Furthermore, we de ne
N
ms Z (102)
where the (g1, ¢2)th entry of I is given by
N
3 -
5,41 —492 — j2ﬂq17q2 N
e (103)
1— 6_7271' o]
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g (N+1)Sin (m(q1 — ¢2)N/Q)
sin (m(q1 — ¢2)/Q)

ejw%(NH)SinC (1 — @2)N/Q)

sinc ((q1 — ¢2)/Q)

We further de ne the following two matrices A and T

asine ((q1 — g2)N/Q)
[Algyg. = sinc ((q1 — ¢2)/Q)

=e€

(104)

N. (105)

N (106)

Y 2 diag { [1, FWHD eﬂ%<N+1><Q*1>} } (107)
We immediately recognize that
=THAY. (108)

Hence, (99) can be rewritten as
2

N |Q-1
M, M
S Vi T SaF)| = 5 (TVea) AT V).
n=11|q¢=0 N N
(109)
Note that the matrix A has NV identical singular values
A=Q, n=1,---,N. (110)

Each entry of the vector Yv; ,,, isa complex Gaussian random
variable with zero mean and variance o2. Hence, (109) can be
written as a quadratic form

N Q-1
SIS Vit s

n=11]q¢=0

2

N
Z nl Xnf?
- 2

Q X2N

i ZIE

(111)

where X,, ~ CN(0,02). Since {V,..(f,), m
mdependent complex random variables, we have

Z Vim(fy) \/75*(fq)

q=0

-, M} are

2
M 0
Q XzMN

(112)

m=1n=1

Under the alternative hypothesis Hq, fora xed m

Q-1 N Q-1
< 0,N O’
q=0

hmrj(fq)
Q-1 M N
(N th] fq

+Vim(£0) Si (£
(W)’ NELL o) + M

B X2MN

i(f)Sn(fe) ~
(113)

(114)
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The binary hypothesis test (89) for S-MIMO is given by

M? ZQ 1o2 fq) M
+ 5 X H,
ZS = ||11l||2 ~ { ](V[ ) 2MN .
N 2 XzMN (“1‘“105)

The detection probability is given by
PS = P,({s > ns|Hy)

M2 Q-1 o M o2
=1y <<W Z %s (2fq) + WQTH) X%MN > 775)

1— o s
= X(2:m N ,0) (1\/[2 ZQ 102 (fq) + ]\/[Q n)

Q0'21/) (1 — PFA)
=1—1,2 Xasno) . (116)
e \ M Y25 02(fa) + Qo

C. Discussion—Nominal Performance

Although the probability of detection is the most useful
metric for comparing performance between different test statis-
tics, other performance measures can also provide insight and
mathematically tractable approaches; for example, the nominal
performance given in [39, (p. 329)] . Here, we use the following
metric [20]

|E{(|H,} — E{{|H}[?
5 (Var{¢|H:} + Var{¢|Ho})

12

(3

(117)

where ¢ denotes a test statistic, and ¢ represents the normalized
J-divergence between H; and Hy hypothesis. Equation (117) is
a simple measure to illustrate the performance of the detector.
To simplify the calculation, we assume that

Ug(fq) =

is frequency independent. We further de ne o = ( 2/02).
Thus, from (162) in Appendix IV, we obtain (119) shown at
the bottom of the page. Similarly, we obtain the ) value for the
S-MIMO

(118)

2M?3Na?

Vs = 1+ (1+Ma)?

(120)
To compare (119) and (120), we assume that e > 1, which is in
high signal-to-noise ratio (SNR). In this case, ¢¥rr ~ (QM/2),
while 1 ~ 2M N. This implies that, with a few sparsely placed
antennas, M and N can be small. If the channel multipath scat-
tering is rich, i.e., @ > 4N, the TR-MIMO shows a higher per-
formance than the S-MIMO. Fig. 2 depicts the nominal perfor-
mance versus SNR for TR-MIMO and S-MIMO using @ = 10.

2Ma(l+aNQ + NQ)?

PR =

202 (a + 3)° +4NQa2 (a + 1) Q2N (a + 1) + La(QN + 1)

(119)
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20 ! ! 5 ; ! ! ;

y[dB]

1
=N
o

-5 0 5 10 15 20 25 30
SNR [dB]

for TR-MIMO and S-MIMO
receive antennas.

Fig. 2. Nominal performance versus SNR
using transmit antennas and

VI. NUMERICAL SIMULATIONS

In this section, we carry out numerical simulations to eval-
uate the performance of the proposed detectors. The simulation
is carried out as follows: 1) generate random realizations of @
independent frequency samples for the NV x M forward channel
matrix H( f,) and the M x N backward channel matrix ﬁT(fq);
2) generate orthogonal waveforms based on (24); 3) generate
target signal independent additive noise and add the noise to the
received radar returns; 4) calculate the test statistics and deter-
mine the decision threshold given the false alarm rate Pga; and
5) calculate the detection probability. The signal-to-noise ratio
is de ned as

SR _ 20 72fa)

2
On

(121)

We choose Q = 10 frequencies, M = 2 transmit antennas,
and N = 3 receive antennas for simulation purposes. We
show in Fig. 3 the detection probability versus SNR for
TR-MIMO versus S-MIMO under the false alarm rates of
Pra = [1075,107%,1073,10~2], respectively. The correlation
factor p = 1 represents the ideal scenario. The analytical results
are plotted using (97) for the TR-MIMO detector and (116)
for the S-MIMO detector, respectively. The lines represent
the analytical plots while the markers denote the Monte Carlo
simulation results. Fig. 3(a) (d) shows that the analytical re-
sults match the Monte Carlo simulation results quite well. The
proposed TR-MIMO has about 14-dB gain over S-MIMO for
the simulation setup @ = 10. There appears a small prediction
bias (within a fraction of a d