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ABSTRACT
This paper is concerned with a moving target detection using
time reversal in dense multipath environments. We show that
the Doppler shift in the time reversal re-transmission simpliﬁes the detector design, yet still achieves the focusing effect.
Thus, the Doppler diversity is utilized to achieve high target
detectability by time reversal.
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1. INTRODUCTION
Multipath is a common physical phenomenon in radar, sonar
and wireless communication applications. For example, the
development of underwater sonar and communication systems must cope with challenging environmental conditions,
such as severe multipath due to sound reﬂection on the surface
and bottom. For radar systems, the urban scenario is rich in
multipath propagation generated by multiple reﬂections, refractions, and scattering of the radar signal from buildings and
other structures. Time reversal has been explored as a complement to conventional multipath compensation [1]. We have
developed time-reversal based data processing algorithms for
target detection and localization [2]. In addition to the theoretical analysis of time reversal, experiments have been conducted in underwater acoustics and electromagnetic to demonstrate the focusing effect of time reversal [3, 4]. In a typical
time reversal experiment, the signal received by an antenna
would be digitized, energy normalized, time-reversed, and retransmitted from the same antenna element. The underlying
condition for time reversal is that the propagation media is
reciprocal. Under this condition, time reversal achieves spatial and temporal focusing of energy. In reality, the source,
the antennas, and the medium may not be strictly stationary.
Questions rise if the time reversal focusing is still achievable
when either the medium or the source is non-stationary. Underwater acoustic experiments and theoretical analysis have
demonstrated that the focusing can still be achieved [1, 3, 5].
In this paper, we address the problem of time reversal detection of moving target using a bi-static radar. For simplicity,
we assume that the target moves, while the channel and the
antennas are stationary. In this paper, we analyze the impact
of Doppler shift due to target motion in a dense multipath
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antenna B

Fig. 1. Moving target detection in dense multipath environment using a bi-static radar. Antenna A sends a probe signal;
Antenna B acts like a mirror by re-sending the time-reversed
received signal; Detection is implemented by Antenna A.

environment on time reversal focusing, and subsequently the
detector design and performance.

2. PROBLEM DESCRIPTION AND SIGNAL MODEL
2.1. Multipath Environments
We assume that the background environment is stationary and
can be probed before the target appears. This assumption implies that the dominant multipath due to the background can
be identiﬁed by successive probing and then subtracted from
the test data that may contain the reﬂections from a moving target. This assumption simpliﬁes the problem and our
analysis. In a multipath rich environment, for example, urban environments, building walls produce specular reﬂections
of the radar signal, which impinge on the target from different incident angles. Thus, multipath propagation increases
the spatial diversity of the radar system. Furthermore, each
multipath component is affected by a different Doppler shift
corresponding to the projection of the target velocity on the
direction-of-arrival (DOA) of each path. The Doppler frequency shift is widely used to separate moving targets from
stationary clutter [6]. Exploitation of multiple Doppler shifts
should increase the ability of the radar to detect targets. In this
paper, we discuss the impact of target motion on time reversal
based detectors.
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2.2. Signal Model

2.2.2. Time Reversal - Backward Retransmission

We consider, for example, a ground moving target in a urban
canyon environment rich in multipath reﬂections as illustrated
in Fig. 1. Let s(t) represent the transmit signal from the radar
T
antenna with total energy Es = 0 s(t)2 dt, where T is the
signal duration. This signal impinges on the target; the reﬂected signal from the target, as well as from the surrounding
reﬂectors, reaches the receive antenna. Let hl (t) denote the
l-th propagation path channel impulse response between the
transmitter, the target, and the receiver. The target is assumed
to be in the far-ﬁeld and is moving with a constant velocity
v = (|v|cosθ, |v|sinθ) relative to the radar, where θ is the
relative angle. Since L multipath signals impinge on the target from different incident angles, they produce L different
relative Doppler shifts. We let ul = (cosφl , sinφl ) denote
the unit vector of the direction of arrival (DOA) along the l-th
propagation path, where

In the backward transmission, the antenna B acts as a time
reversal mirror. Because this is a single antenna that acts like
a mirror, this scenario represents the limiting case for time
reversal. Based on the assumption we made in 2.1, the signals due to background can be subtracted. The residue received signal x(t) is time-reversed, energy normalized, and
re-sent. We assume that the delay between the forward and
time-reversed transmissions is sufﬁciently small so that the
target displacement during that interval will be negligible,
and the multipath structure of the channel can be regarded
as constant. The purpose of time reversal re-transmission is
to utilize the spatial and temporal focusing of time reversal to
compensate for the multipath. The target detection will be implemented at the original antenna location, i.e., at the antenna
A. The received signal at Antenna A becomes

φl ∈ [0, 2π], l = 0, · · · , L − 1.

(1)

y(t) =
=

|v|(cosθcosφl + sinθsinφl )
v, ul 
=
,
(2)
c
c
where c is the speed of propagation; ·, · denotes the innerproduct operator over the real vector space. Thus, the multipath propagation provides enhanced spatial diversity to a
radar system. Next, we describe the signal model of forward
transmission and time reversal backward retransmission.
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≈
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denote the time dispersive channel response; h(t) is a time
spreading function of effective length Ts . To be more speciﬁc,
hl (t) is deﬁned as

L−1


k
k

l=0

x(t) =


∗

l=0

Antenna A transmits a probe waveform s(t), the received l-th
path signal reﬂected from the target is (ignore noise for the
moment) is recorded at the antenna B.

hl (τ )s(t − τ )ejωc βl (t−τ ) dτ
(3)
xl (t) =

(6)

k
e

2.2.1. Initial Probing - Forward Transmission

hl (t) = αl δ(t − τl ).

hl (t) ∗

L−1


(9)

l=0 l =0
jωc βl (t−τl )

=

Hence, the total received signal from the forward transmission
is given by

k

L−1


l=0
jωc βl t

βl =

where the symbol ∗ represents the convolution. Eqn. (4) shows
that the pulse shape s(t) is distorted by the l-th Doppler shift.
Next, let
L−1

hl (t), 0 ≤ t ≤ Ts
(5)
h(t) =

hl (t) ∗ kx∗ (−t)ejωc βl t

l=0

Therefore, the scaling factor of the differential Doppler shift
for the l-th path can be written as

= s(t)ejωc βl t ∗ hl (t),

L−1


k



 Ts
0

Es
|x(t)|2 dt

(14)

In the above derivation, we use Eqn. (6) to represent a multipath channel. The approximation in (11) is valid because
of the focusing effect in time reversal re-transmission. The
scaling factor k is to ensure the same amount of transmission
energy. Eqn. (13) is the total gain of the L paths, each path
has its own Doppler shift. It implies that multipath compensation is achieved by time reversal even in the presence of
differential Doppler shifts, however, the focus gain is modulated by phase rotation. To further quantify the focusing gain
in the presence of the Doppler shift, we analyze the term GL
by statistical approaches. Note that the phase term

where v(t) is the additive Gaussian noise and is independent
of the signal; L is the number of dominant paths.
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θl  ωc βl τl = 2πfc βl τl

(15)

will change by 2π rad whenever βl τl changes by f1c , where
fc is the radar carrier frequency. But f1c is a small number
and, hence, θl can change by 2π rad with relatively small motions of the target or a propagation path. Because the number
of multipaths L is assumed to be large, the impinging angle
of the path to the antenna is assumed to be [−π, π] in an unpredictable (random) manner. This implies that GL can be
modeled as a random process. When there are a large number
of paths, the central limit theorem applies. This means GL is
a complex valued Gaussian random process,
 L

L


μl ,
Φl ,
(16)
GL  CN
l=1

Using (19), we have

z(n) ∼ CN 0, k 2 4Lσα4 |s(−n)|2 .

Here we assume that the scalar k is approximately a constant.
This assumption is approved to be valid [2]. Hence, the timereversal detection problem in the presence of target motion
is
H1 : y = z + w
(27)
H : y =w
0

3.2. Conventional detector
The discrete form of the received signal from the forward
transmission, (8), can be written as

l=1

where
μl

= E{|αl |2 ejωc βl τl } = 0,

(17)

Φl

= Var{|αl |2 ejωc βl τl } = Var{|αl |2 }

(18)

Here we assume that the l-th path gain αl is a complex Gaussian random variable with zero mean and variance σα2 . Hence,
|αl |2 is distributed as a σα2 χ22 , where χ22 denotes the central
chi-squared distribution with 2 degrees of freedom. Therefore, Φl = 4σα4 , i.e., (16) can be re-written as

GL  CN 0, 4Lσα4 ,
(19)
3. DETECTORS
In this section, we formulate the time reversal detection problem for moving target where the Doppler shift is present. To
emphasize that we have a multipath rich environment in which
time reversal achieves full advantage, we make the following assumptions: (A1) The number of paths L is sufﬁciently
large; (A2) The multipath direction of arrival 0 ≤ φl ≤ 2π
is uniformly random; and (A3) The multipath complex gain
is Gaussian distributed with zero mean and variance σα2 , i.e.,
αl ∼ CN (0, σα2 ).

x(n) =

(20)

y(n) = z(n) + w(n), n = 0, · · · N − 1

(22)

γn,l

= [y(0), y(1), · · · , y(N − 1)]T

(23)

z = [z(0), z(1), · · · , z(N − 1)]

T

w

(24)

= [w(0), w(1), · · · , w(N − 1)]

T

(25)
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(29)



L−1


γn,l s(n − l)

l=0
αl ejωc βl (n−l)/fs

(30)
∼ CN (0, σα2 ).

(31)

We notice that, in the absence of Doppler shift (i.e., if βl = 0),
the likelihood ratio test detector would be the replica correlation integration detector given in [7]. In the presence of the
Doppler shift, and given the assumptions (A1) and (A2), we
will employ the central limit theorem to simplify the detector
design. From (30) and (31), by the central limit theorem, we
obtain

 L
L
 
ηl ,
Ψl ,
(32)
r(n)  CN
l=1

l=1

where
ηl
Ψl

=
=

E{γn,l s(n − l)} = 0,
Var{γn,l s(n − l)} =

(33)
σα2 |s(n

− l)|

2

(34)

Therefore, the statistics for r(n) can be written as

r(n)  CN

0, σα2

L−1



2

|s(n − l)|

,

(35)

= [x(0), x(1), · · · , x(N − 1)]T

(36)

l=0

Deﬁne
x

r = [r(0), r(1), · · · , r(N − 1)]

T

v

where N = fs T . Deﬁne

r(n) + v(n)

r(n) 

where w(t) is the additive noise, T is the observation time of
the signal, and
(21)
z(t)  k GL s∗ (−t).
Finally, we assume that the received signal is converted to
baseband prior to sampling and then sampled at sampling rate
fs = B. The discrete version of (20) is

αl s(n − l)ejωc βl (n−l)/fs + v(n), (28)

where n = 0, · · · , N − 1, L = fs Ts , and

From Eqn. (12), we know that the received signal after timereversal re-transmission can be written as follow:
y(t) = z(t) + w(t), 0 ≤ t ≤ T

L−1

l=0

=

3.1. Time reversal detector

y

(26)

= [v(0), v(1), · · · , v(N − 1)]

T

(37)
(38)

which leads to the conventional detection problem formulated
as
H1 : x = r + v
(39)
H : x =v
0

4. PERFORMANCE ANALYSIS AND SIMULATION

1



y ∼ CN 0, k 2 Lσα4 s∗ sT + σn2 I .

(40)

where s = [s(0), s(1), · · · , s(N − 1)]T . For the detection
problem (39), the data is distributed as

x ∼ CN 0, Ψ + σn2 I

1
σn2

+

σα2

L−1
l=0

|s(i − l)|2

, i = 0, · · · , N − 1 (42)

f (x; H1 )
,
(x) = log
f (x; H0 )

(43)

where f (·; Hi ) is the probability density function under Hi ,
i = 0, 1, respectively. Due to space limitation, we present
here the ﬁnal test statistic and omit the detailed mathematical
derivation. The time reversal detector is
N
−1
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Fig. 2. Receiver operating characteristics. The number of
dominant paths L = 20; The false alarm rate PFA = 10−4 .
5. CONCLUSION

We notice that (27) or (39) can be formulated as the GaussGauss problem where both the signal and the noise have Gaussian distributions [8]. Hence, the detector can be derived using the likelihood ratio test

TR (y) =

0.7

(41)

where Ψ = diag[ψ0 , · · · , ψN −1 ], and
ψi =

TR
Conventional

0.8
Detection Probability

In this section, we will analyze the performance of the TR
detector. The signal-to-noise ratio is deﬁned as SNR = 10 ·
E σ2
log10 σs 2 α . To derive the data statistics, we ﬁrst consider the
v
noise-only case under H0 . For the detection problem (27), the
data is distributed as y ∼ CN (0, σn2 I); For the detection problem (39), the data is distributed as x ∼ CN (0, σn2 I). Under
the signal plus noise case (i.e., H1 ), for the detection problem
(27), the data is distributed as

0.9

2

y(n)s(−n) .

(44)

n=0

In this paper, we develop a time reversal detector for moving
target. Our analysis shows that time reversal achieves spatial
focusing in the presence of Doppler shifts. Due to target motion, the focusing gain is modulated with a phase rotation. In
dense multipath, the time reversal detector shows a signiﬁcant
performance gain over the conventional detector.
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